We propose a possible mechanism of transverse viscous transport in solid-state systems. Time integration of the Eulerian velocity field shows definite diffusive behavior caused by a cumulative deviation from the true displacement field. This diffusive behavior can be further attributed to the length-scale-dependent viscous momentum-transfer mechanism, which is not associated with any significant material flows or displacements and is thus essentially different from that in ordinary liquids. The validity of the present argument is verified by classical molecular dynamics simulations of deeply supercooled liquids, glasses, and crystalline solids.
Viscosity, which characterizes flow resistance, is one of the most fundamental transport properties of liquids [1] . In elastic solids, on the other hand, although the importance of viscosity has frequently been considered [2] , we still do not fully understand its role and mechanism. The general question is: how can momentum be transferred without material flow?
To answer this question, in this paper, we mainly focus on the viscosity problem in glassy liquids. Glassy materials exhibit both liquid-and solid-like mechanical properties depending on the observed time scale [3, 4] . For time scales smaller than the structural relaxation time, τ α , the mechanical response is elastic, while for time scales larger than τ α , a liquid-like viscous response is observed. Therefore, the structural relaxation time τ α determines the solid-to-liquid crossover, and the macroscopic viscosity η can be described as η ∼ = Gτ α [5] , where G is the shear elastic modulus. However, the situation is more complicated than this simple picture because viscous transport has been shown to also strongly depend on the length scale [6] [7] [8] [9] : at smaller length scales (see below), the viscosity is much smaller than the macroscopic value. Furthermore, the crossover from the elastic response to the viscous response occurs at time scales much smaller than τ α [9] , indicating that viscous transport is dominant well before significant flows or particle rearrangements occur. In this paper, we demonstrate that such viscous momentum transfer can be realized.
First, we study the length-scale-dependent elastic-toviscous crossover by analyzing the spatial correlation of the "displacement" field of a model glass former [10, 11] using classical molecular dynamics simulations [12] . The details of the simulations and the model are presented in Appendix. The displacement field for a time duration of ∆t is defined in Fourier space as follows. (i) The displacement field for specific positions of particles is usually defined aŝ where N is the total number of particles and k is the wave vector. In the following, we set the reference positions {r * λ } for the particle positions at t = 0, {r λ (0)} [13] . Here, r λ (t) and v λ (t) are the position and velocity of the λ-th particle at time t, respectively. Otherwise, when investigating the displacement behavior for ∆t < ∼ τ α , we may use the time-averaged [14] or inherent-state positions as {r * λ } instead of {r λ (0)}. (ii) Alternatively, the displacement field may be defined as:
where v k (t) is the velocity field [15] .
In Fig. 1 , we showŜ(k; ∆t) = |û ⊥ k (∆t)| 2 and S(k; ∆t) = |u ⊥ k (∆t)| 2 for various ∆t in a supercooled state, whereû ⊥ k and u ⊥ k are the transverse components ofû k and u k , respectively. Hereafter, · · · denotes an ensemble average. We find thatŜ(k; ∆t) and S(k; ∆t) behave quite differently, except for at a very small ∆t. For t s ≪ ∆t ≪ τ α , where t s is the time for the transverse sound to propagate across the length of the system, ikû ⊥ k + (ikû ⊥ k ) † can be approximately regarded as thermally fluctuating elastic shear strain. Therefore, for such ∆t [16, 17] 
where T is the temperature measured in units of Boltzmann's constant and G(k) is the k-dependent shear elastic modulus. For a smaller k, G(k) approaches its macroscopic value G, resulting in the k −2 dependence of S(k; ∆t) [13, 14, [18] [19] [20] [21] . On the other hand, S(k; ∆t) behaves in a completely different way: although, for smaller ∆t and k, S(k; ∆t) behaves similarly toŜ(k; ∆t), with increasing ∆t, the difference between S(k) andŜ(k) becomes more pronounced at larger k. We can ascribe this behavior of S(k; ∆t) to the length-scale-dependent elastic-to-viscous crossover as follows. S(k; ∆t) can be generally related to the velocity autocorrelation as
From the definition of the k-dependent viscosity η(k) [22, 23] , for a sufficiently large ∆t, S(k; ∆t) follows (see Appendix)
At a length scale of ∼ 1/k, the crossover from the elastic response [Eq.
(3)] to the viscous response [Eq. (5)] occurs at approximately ∆t ∼ τ (k) ≡ η(k)/G(k), which describes the generalized Maxwell relation and can also be observed in the complex shear modulus [9] . Finding such a qualitative difference may be surprising, because these two definitions, Eqs. (1) and (2), have been thought to be physically equivalent as long as most particles remain around their original positions. However, as clearly shown in Fig. 1 , this is not the case: for ∆t ≪ τ α , u k (∆t) represents the collective vibrational fluctuations, while u k (∆t) undergoes diffusive behavior controlled by the length-scale-dependent viscosity η(k). This difference can be ascribed to the cumulative deviation between u k (∆t) and the true displacement field [15] . The physical significance of the observed diffusive behavior of u k (∆t) can be viewed from a slightly different perspective. For this purpose, let us assume a hypothetical cubic box V ℓ of linear dimension ℓ in a system and define two types of box-averaged "displacements": (Color online) |Û ℓ (∆t)| 2 and |U ℓ (∆t)| 2 as a function of ℓ in a supercooled state (T = 0.267) at ∆t/τα = 10 −3 , 4 × 10 −3 , 2 × 10 −2 , and 6 × 10 −2 (from bottom to top). For ∆t ≪ τα, |Û ℓ (∆t)| 2 remains almost unchanged. The purple curves are fits to |Û ℓ (∆t)| 2 , f0(ℓ, ∆t) ∼ = Aℓ b , where the coefficient A and the exponent b(∼ −1; due to elasticity [24] ) slightly depend on ∆t. However, |U ℓ (∆t)| 2 exhibits diffusive behavior. The dashed curve represents f0(ℓ, ∆t)
and
respectively, where N ℓ (t)(∼ ρℓ d ) is the number of particles in the box V ℓ at time t, ρ is the number density, and d is the spatial dimensionality (here, d = 3). In Eq. (6), the sum is taken over particles whose positions at t = 0 are within the box. On the other hand, in Eq. (7) , particles over which the sum is taken depends on t. In Fig. 2 , we plot |Û ℓ (∆t)| 2 and |U ℓ (∆t)| 2 as a function of ℓ for various ∆t in a supercooled state. For ∆t ≪ τ α , although |Û ℓ (∆t)| 2 remains approximately unchanged, |U ℓ (∆t)| 2 linearly grows with ∆t for a smaller ℓ. We emphasize thatÛ ℓ (∆t) is the average displacement of particles selected at t = 0, similar toû k (∆t), whereas U ℓ (∆t) is determined by particles that move through the box at some time during the period [t, t + ∆t], similar to u k (∆t). Thus, we may consider that the observed qualitative difference between |Û ℓ (∆t)| 2 and |U ℓ (∆t)| 2 has the same origin as that betweenŜ(k; ∆t) and S(k; ∆t).
To understand the diffusive behavior of |U ℓ (∆t)| 2 , let us consider a particle (number: λ) located close to the box boundary, which for ∆t ≪ τ α oscillates around its inherent-state position and repeatedly crosses the boundary surface. The net displacement inside the box V ℓ for trajectory of a particle that is randomly oscillating around the boundary of V ℓ represented by the light blue line. For this trajectory, the net displacement inside V ℓ is AB + CD, which is parallel to the boundary surface (the perpendicular component is 0). The mean turnover time for the particle momentum is approximately given by 1/ω0, where ω0 is the mean frequency of the particle oscillation.
the duration ∆t, X λ (∆t) is given by
The particle crosses into and subsequently out of the box at t = t , respectively, and the particle displacement between the two crossing events,
, is parallel to the box boundary (the perpendicular component is zero). As discussed below, this difference between the parallel and perpendicular components causes different behaviors of the displacement correlation between the transverse and longitudinal modes. We suppose that for the duration ∆t, such crossings happen 2M times. M ∼ ∆tω 0 , with ω 0 being the mean frequency of this oscillation. Assuming that the crossing events occur almost randomly, the average of X λ (∆t) is zero, and the mean deviation is approximately given as
where a is the mean oscillation amplitude, namely,
This situation is schematically shown in Fig. 3 . Particles around the box surface almost independently [27] contribute to the diffusive behavior of U ℓ . The number of such particles is approximately ρℓ d−1 a. Therefore, we obtain the diffusion coefficient of U ℓ as
which is consistent with the simulation results shown in Fig. 2 : at T = 0.267 and ρ = 0.8, a is approximately three-tenths of the particle size (∼ the Lindemann length) and ω 0 ∼ T /m λ a 2 ∼ O(1), where m λ is the particle mass, leading to D ℓ ∼ 10 −2 ℓ −4 .
This diffusion coefficient can be related to the autocorrelation of V ℓ (t) as
with a sufficiently long integration time of t d . We de-
Here, ∂V ℓ represents the inner surface region (width ∼ a) of the box V ℓ . For ∆t ≪ τ α , the particles mainly belonging to ∂V ℓ oscillate across the boundary, while the particles in V ℓ − ∂V ℓ oscillate around their inherent-state positions without crossing the boundary and thus do not contribute to D ℓ . Then, the integration of Eq. (11) can be rewritten as
which is consistent with Eq. (10). Here, we assume that the randomization time of the velocity ∂V ℓ (t) is approximately 1/ω 0 , and the equipartition law gives |∂V ℓ | 2 ∼ (a 3 ω 2 0 /ρℓ d+1 ). We have thus far argued that the random particles' motion around the boundary of V ℓ gives rise to the diffusive behavior of U ℓ (∆t). Furthermore, Eqs. (11)- (14) indicate that the irreversible momentum exchanges between inside and outside of V ℓ underlie this diffusivity. As shown below, such momentum exchanges can be related to the length-scale-dependent viscosity. The time evolution of the momentum defined by J ℓ (t) =
where j(r, t) is the momentum field, which is formally described as
The first and second lines represent momentum conservation, where ↔ σ(r, t) is the stress tensor at time t and position r. In the second line, the integration is performed over the box surface S ℓ , andn ℓ is the outward normal unit vector to S ℓ . The third line in Eq.
(15) is the generalized Langevin equation, where ζ ℓ (t) is the memory kernel representing both the elasticity and the friction [28] , and θ ℓ (t) is the noise term. In frequency (ω) space, the memory kernel is expressed aŝ ζ ℓ (ω) = ∞ 0 dte −iωt ζ ℓ (t), and in the low-frequency limit (ω → 0), we obtainM ℓζℓ (0) ∼ T /D ℓ , whereM ℓ is the time-averaged mass of the box.M ℓζℓ (0) is the friction coefficient of the long-time-scale dynamics. Equation (15) describes that the momentum exchange between the inner and outer regions consists of excitation and dissipation, resulting in the "Brownian motion" of U ℓ (∆t) (and of u k (∆t)). Notably, this Brownian motion does not apply to the material (element) itself. In 3D, by expressinḡ M ℓζℓ (0) in terms of the Stokes friction asM ℓζℓ (0) ∼ η ℓ ℓ, we obtain the length-scale-dependent shear viscosity η ℓ as
The wavenumber-dependent shear viscosity η(k) may be defined as η ℓ for k ∼ 1/ℓ, resulting in η(k) ∼ (ρT /a 3 ω 0 )k −3 , which is consistent with the numerical results shown in Fig. 4 . [7, 9] , and η(k) approaches its macroscopic value for kξη < ∼ 1. On the other hand, in solid-state materials (glass and crystal), no characteristic length exists, and η(k) ∼ k c , where the exponent c is close to −3 over the whole k range of the present study, which agrees with Eq. (16) . For a glass, T = 0.08 is well below the Vogel-Fulcher-Tamman temperature (T ≈ 0.22) [25] .
Up to this point, for supercooled liquids (∆t < ∼ τ α ), we have presented an argument for the "Brownian" dynamics of U ℓ (∆t) and its underlying transverse viscous dissipation. However, our argument does not rely on specific properties of supercooled liquids: we have only assumed that the particles are oscillating around their original positions (or inherent-state positions) for time scales sufficiently smaller than τ α . Therefore, we expect that the present argument is more general and applicable to other solid-state materials. In Fig. 4 , we show the wavenumber-dependent shear viscosity η(k) for glass and crystalline solids as well as for a supercooled liquid. Please see Appendix for details of the simulations and the models. These plots clearly exhibit similar significant wavenumber dependence. Furthermore, note that our preliminary simulations for glasses and crystals (not shown here) also show essentially the same diffusive behaviors of u k (∆t) and U ℓ (∆t) as those shown in Figs.  1 and 2 , respectively. Based on these results, we can conclude that η(k) generally characterizes the transverse viscous dissipation not only in liquids but also in solids.
As shown in Fig. 5 of Ref. [9] , in supercooled states, the characteristic length scale of the viscous transport, ξ η , is determined from η(k): for kξ η < ∼ 1, η(k) ∼ η (τ (k) ∼ τ α ), while for kξ η > ∼ 1, η(k) exhibits marked k-dependence. ξ η increases with an increasing degree of supercooling, apparently indicating a close link between ξ η and the dynamic heterogeneity [7, 9, 26] . However, this may not be the case. In S(k; ∆t), as ∆t elapses, the elastic-to-viscous crossover gradually proceeds from larger k. Then, at ∆t ∼ τ α , macroscopic structural rearrangement (solid-to-liquid crossover) occurs: at this ∆t, the elastic transverse response is retained for kξ η < ∼ 1, but for ∆t > τ α , the response is viscous over the whole k. Therefore, ξ η may be related to the macroscopic solidto-liquid crossover at ∆t ∼ τ α but not to the dynamic heterogeneity. Note that this physical picture is different from that discussed in Refs. [7, 9, 26] . On the other hand, in solid-state materials, because no structural relaxation occurs, in S(k; ∆t), the elastic-to-viscous crossover indefinitely continues from smaller k with increasing ∆t: neither a plateau nor a characteristic length scale exists in η(k).
In summary, we proposed a possible mechanism of transverse viscous transport in solid-state systems with a particular focus on the length-scale-dependent shear viscosity in supercooled liquids. The mechanism proposed here is not associated with any significant material flows or structural rearrangements and is thus qualitatively different from that in ordinary liquids. For (transverse) hydrodynamic modes in solids, even without material flows, there should be dissipation channels as opposed to the energy injection due to thermal fluctuations. In supercooled states, S(k, ∆t) deviates from the true displacement correlation, showing the elastic-to-viscous crossover at a time scale of τ (k) = η(k)/G(k). On the other hand, for ∆t < ∼ τ α ,Ŝ(k, ∆t) can approximate the true displacement correlation, but can hardly capture the viscous dissipation. This discrepancy betweenŜ(k, ∆t) and S(k, ∆t) represents a direction for constructing complete continuum mechanics.
Before closing, we present the following remarks. (i) In Fig. 5 in Appendix, we also show the longitudinal displacement correlation. For u k (∆t) [Eq. (2)], contrary to the transverse component, the elastic-to-viscous crossover does not occur at time scales of the shear-stress relaxation time. As schematically shown in Fig. 3 , with regard to a hypothetical surface set in the system, ther-mally vibrating particles crossing the surface do not have a perpendicular component of the net displacement between two crossing events. Therefore, a significant volumetric displacement is not caused for time scales smaller than τ α , which is identified with the shear stress relaxation time in this study. In other words, the longitudinal displacement is only associated with material-mass flows [25, 29, 30] . Notably, the relaxation time of density fluctuations is systematically longer than the shear-stress relaxation time [29] . Please refer to Appendix for details. (ii) In other model glass formers (both strong and fragile), our preliminary simulations also show similar wavenumber dependence of the shear viscosity. For example, in silica (using the van Beest-Kramer-van Santen potential [31] ), η(k) ∼ η for kξ η < ∼ 1, while η(k) ∼ k −3.3 for kξ η > ∼ 1. However, in the Gaussian core model [32] , η(k) shows completely different behavior: for a wide temperature range, η(k) approaches its macroscopic (k = 0) value already at the particle length scale and thus has a much steeper k-dependence, whose behavior is similar to that obtained from the calculation based on mode coupling theory (MCT) [9] , which is consistent with the results of Ref. [33] , where MCT qualitatively describes the dynamic properties of the Gaussian core model. (iii) How the present mechanism of viscous transport is related to the acoustic properties in supercooled liquids, glasses, and crystals may be interesting to study. For this purpose, the detailed physical properties of η(k, ω) or ζ ℓ (ω) should be revealed including rather high-frequency regimes. These issues will be addressed in future studies.
,
where s ij = (s i + s j )/2, with s i being the i-th particle's size, and r ij is the distance between the two particles. For supercooled liquids and glasses, we considered a threedimensional binary mixture of large (A) and small (B) particles [10, 11] . The mass and size ratios are m B /m A = 2 and s B /s A = 1.2, respectively. The units for the length and time are s A and (m A s 2 A /ǫ) 1/2 , respectively. The total number of particles was N = N A + N B = 40000, and N A /N B = 1. The temperature T was measured in units of ǫ/k B . The fixed particle number density and the linear dimension of the system were N/V = 0.8/s 3 A and L = 36.84, respectively.
On the other hand, for crystals, the following three dimensional monodisperse system was considered: the units for the length, time, and energy were also s A , (m A s 2 A /ǫ) 1/2 , and ǫ/k B , respectively. The total number of particles was N = 32000. The number density and the linear dimension of the system were N/V = 1.1/s 3 A and L = 30.76, respectively. With this setting, perfect face-centered cubic (FCC) crystal states were realized at T = 0.08 and 0.267. All the simulations were performed using velocity Verlet algorithms in the NVE ensemble [12] . does not show the elastic-to-viscous crossover even at ∆t ∼ τ α . As discussed in the main text, large changes in B(k; ∆t) are only associated with significant mass transfers or density exchanges. From the continuity equation, B(k; ∆t) is directly related to the density fluctuations as B(k; ∆t) = 2 k 2 [ |ρ k (0)| 2 − ρ k (∆t)ρ −k (0) ], (B1)
where ρ k (t) is the density fluctuation at time t in Fourier space.
